Precal Matters Motes 6.1: FUN Identities

Chapter 6.1: Fundamental Identities

There are many different types of mathematical equations, several of which we’ve already encountered this
year.

__ Nameequations—an equation that gives a name to a specific expression, for example f(x)=x™" —¢*,

Conditional equations—equations that are meant to be solved and are only true for a finite number of
values, for example x* =6x-8.

Contradictions—equations that equate two expressions that are never equal, for example 5=7 or

\ll—x=lnx.

Identities—equations that equate two expressions that are true for all values in the domain of both

expressions, for example 7+1=10-2¢° or |x| = \/}?

Identities are important because the two equated expressions serve as mathematical synonyms of each
other, meaning, one may be substituted for the other without loss of generality. We might want to do this,

of course, to make the mathematical expressions we’re working with easier to work with, but still
equivalent.

We will begin by looking at some fundamental trigonometric identities, so called because they involve
trigonometric expressions and are so basic that other, more sophisticated identities can be built from them
and they can be similarly used to prove bigger, badder, bolder identities.

Reciprocal Identities

and csct9:L cosazL and secd =

sinfd =

tan g = and cot@ =
cscd sin & sect cosf cotf? tan @

Example 1:

Using the definitions of the trig functions in terms of x, y, and r, prove that tan& =

g
_I_ \ cot
4’& V\é‘ T Lo 4 &

tane
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Once an identity has been proven or established, it can be algebraically modified to take on a different form

that would still be an identity. For instance, since siné = , we can say that sinf@cscf=1.

C3C

Quotient/Ratio Identities

sin g cosf
tanf = cotd =

cosd siné

- *The Reciprocal and Ratio Identitics work for powers as well, for example

-5
> =sin’ @ and tanS 6= smsB
csct @ cos’ @
Example 2:
Using the definitions of the trig functions in terms of x, y, and #, prove that cot& = C?S o
C ‘o Lo & siné
D e e
Sin &
YA
X L
x4
A
hutstiy
Pythagorean Idéntities (PIDs)
cos’ x+sin’ x =1 1+tan® x =sec’ x 1+cot’ x = csc’ x

*We can use x in place of &, and typically do so if the angles are in radians.
*%cos® x is a condensed way to write (cos x)2 . The entire ratio is squared.

Example 3:
Using the definitions of the trig functions in terms of x, y, and , prove that cos® x+sin’x =1.

Coe X +5inex F |
(ces %+ Einx)"
LN %
For ()
< 4z
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Even/Odd Identities

sin(—x)=—sinx tan{—x) = —tanx cos(—x)=cosx
cse(—x)=—cscx cot(—x)=~cotx sec(—x)=secx
ODD ODD EVEN

Cofunction Identities

. i Fia s
S5InX =CO§| ——x fanx=cot| ——x SECX = C8C ——xJ
2 2 2
N 7 T
COSX =8In ——x) cotx=tani ——x cscx:sec(——x)
2 2 2

Before we start using these new fantastic identities to prove other identities and solve conditional
equations, we need to learn the mathematical difference between verification and proof which, cutside a
mathematical context, can be seen as equivalent. Mathematically they are very different.

Verification—using concrete, actual, finite values in a case-by-case scenario to show that two expressions
are equivalent for the specific values being used.

Proof-—showing that two expressions are equivalent in ALL cases. The key is to use variables rather than
specific values.

NO AMOUNT OF VERIFICATION CONSTITUTES A MATHEMATICAL PROOF!

Example 4:
For both x = % and x = F%r , verify that tanx = cot(%— xj
tan T ¥ cot(L-E) o B ot ()
S| ek ) I ) wot(-5F)

ot (5) wr ()

I3 - |
TZI/ /

A counterexample is a specific example that shows a claim to be false. While no amount of verification
constitutes a mathematical proof, it only takes one counterexample to disprove a claim.

Page 3 of 6




Precal Matters

Example 5:

Find a counterexample to disprove each of the following “identities.”

(a) Afx* +)* §[x+y
)(5[, ={ ﬁ‘,}fﬁ' '*‘l
Z #2

(b) sin (x+y) sinx+sin y

Notes 6.1: FUN Identities

(c) cosx+sinx

d”Srlﬂq

E sin(FF+ ) 5% sl
b sing “;: "%
l R L

t

B

Example 6:

Simplify the following trig expressions to a power of a single trig function:

(a) sin’ x +sinx cos® x
SInK(SIN*X + Los®X

stax (1)
Sin Y.

D("

i X -\rSW\){(/-*’yM X)
SIViZX + Sinx = S X

Sn/l)L

1-sin’x

d
@ cscl x—1

Cog? X

0o -!zmx

Gos x%;;"%,

Si n?’;c

(b) (secx——l)(secx+l)
Seet 4 reeey ~secn |

(:Swo()-—\

Ham x)*l

1%94

coOsx  sinx

1-sinx cosx

co5 % - Sint (1-5imx)

© [

(sece-

cooy ({ ~81N%)
Cpszx.- Sin 1‘“‘5!‘?)2}6
e ()=S0 77X)
(-5 k)
cosx (7 ~s/nk)

.-—-—'L""‘_"

cosx
SeeH
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](cos g+ sec

(seco-1) | +3¢20)
(eteo - D(Seeo+1)
Sece - |
Jan*&

—tan(f— —,6’) cse(—4)
() —>
cot® B +1

(ot pleesep)

ascf,ﬁ

(2o B)( cg/é B

@5&/@(6;@

AP
wp

),

)(Cos o +5ee @ +5i07®)
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Simplifying expressions and/or rewriting them in more useful, equivalent expressions is very helpful when
trying to algebraically solve trigonometric equations.

Example 7:
Find the solutions to 2sin’ x+sinx =1, such that (a) x€[0,27z), (b) x<[0, 471') and (c) x & (~o0,00)

25¢ )C +Sinx ==
7 _ @) @f,ﬁ: f;ﬂ:) i 7 (add Zt- 4o each,

2.5 ny ——l)(ﬁiv\%&-\)-‘(‘? > =
( or SinX+l=D it 2 T mw'@fﬁm(a))

26imxX—1 =0

S =3  of stax = —|

s s
N 2—1

= f—f Zr% %éZ

%"fﬂ: + Zirm, AEL
jé By Lam, nEZ

Example 8:
3
Find the solutions to C?S ¥ = cotx , such that x € [-27,27]. (Be careful not to lose any variable
sinx
information in the process, like the cotx!) Make sure your final answers are in the domain of the equation.
ek . =
s%x ¢ -y Co-fp =0

Cos”X - cot-x — cot X FO
Lofa (cosPne = 1D =0

Gt x (*5/:42%) =o
ot 1RO

)S\A‘{’ 51}’\}(, #0 or
Wé},u,de b‘j 2640 in
A ONDW\@-[ M{'mﬂ,
90 wacagP ¢S OU
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Example 9:
Algebraically find ALL solutions: V2 tan xcosx = tan x

VZ tang cost— tanpl O
Jang (JZ s ~1)=®
tanyg =0 oC C05Y= \fi

Y= 0+ ZrmneZ ﬂ; QZW‘% ﬂéZK

i

B T
it ugﬁé%ﬂ%\
=0+ TH) 2eZ \

Example 10:

Find all solutions such that i € [—472', 0) , then breathe a Psi of relief: 3siny =2cos’y T\
. 2 ¢h\ \ .
3sim }”“ngf Pro So sin Poo /@%

Bsin V= 2()-5im? )= 0 }ﬁ S —
250m P v 3sin Y-z =0 vy "@M ‘ ",W 2 ,z.m__“, g {
:(Zém !P —/ )(Sx'hfﬂ + Z) =0

snp=4  om Gnlz-2

arean amm S

Mo Solthim
Example 11:
Rapid fire, mixed practice: Solve each of the following such that 0 < x <2z . No calculator.
(a) 2sinx++/3=0 (b) 4sec? x =8 (c) 4cos x=3=0
o 3 Gerr=z (507> &
_“'1 wets £Z sy = + 13
2:% % 2 Los i = £ f‘é p7 izzlhé;gflz
- br Lr by b
FrrEy)
¢ T Yy
(d) sinx=cosx f‘”‘“ (e) 2cos’* x =cosx (f) 2+2cosx =sin’ x
{ 53 %Mlmy x= gf”ﬂ 2 U CO5 K O L+ 2to5¥ = [~ s PiE
o byl colpusd0 aFtTat o
7 ager, 2 cosy =L Ceosy +)5 =0
Sin*y = o5 K sk %4& oK T2 K
N Py Pl :
STk / s X %/z, Z..-,’p"/iﬂ\::} Les = /
Zsin?3e =l _ [Z=m1
- 2
sy = Z
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