Precal Matters Notes:212mits & Continuity

Chapter 2.2: Limits & Continuity

Sometimes when a function does not exist at aiogstant, sayx =c, we’d still like to be able to
algebraically analyze what is happening at thattpoBecause we cannot “go” there, thatﬁ:{p) may not

exist there, we can only analyze the function qyrapchingx =c from either side. This idea is called the
limit of the function asx approachesc. We’'ll start be defining the limit and getting entuitive,
graphical idea of what it is and why it's needed.

Example 1:

For the function below, analyze what is happenmthey-values ax approachex =3 from both sides of
x=3.
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Example 2:

For the function below, analyze what is happenmthey-values ax approachesc= -4 from both sides
of x=-4.
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Example 3:
For the function below, analyze what is happenmthey-values ax approachex =1 from both sides of
x=1.

*  We define the limit from the left side of=c to be lim f (x)

X-C
*  We define the limit from the right side of=c to be lim_f (x)
X-C
* The general limit, denoted disn f (x) exists only if the left- and right-sided limitgist and are equal.

X-C

Theorem (General Limit)

lim f (x) =L if and only if lim f(x)=L=lim f(x)
X-C X>C x-c'

Wherey =L is a finitey-value

This essentially says that the (general) limit cemysts if the two one-sided limits exist and dre same.

We can now express the different types of discaiitigs in terms of the limit.
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Example 4:
(a) When the two one-sided limits exist and arestéimae (that is, the limit exists), the function béker a

removable point discontinuity (hole) or is continuous at=c.
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(b) If the two one-sided limits exist, but are differgrvalues, the function hasm@n-removable jump

discontinuity at x =c.
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Definition

lim f(x) =c0 or —o AND/OR Iim+ f(X) = or —oo if and only if there exists ¥ertical Asymptote

X-C X-C

(VA) at x=c

Assuming the graph of a function exists on a paldicside of a vertical asymptote, there are only t
options as you approach it:
(1) you canincrease without bound (in which case the limit does not exist because positive

infinity) or
(2) you candecrease without bound (in which case the limit does not exist because niegative
infinity)
Example 5a:
Given the graph at right, evaluate each of thevalhg.
! |
(@ lim f(x)= (b) im f(x)=
T ( ) " ( ) 'F@ [ |
| |
(©) lim f(x)= (d)f (-1) = ) '
Xﬁ_l
\ 1 !
lim f(x) () lim f(x) \ :
e) lim f(x)= im f({x)=
( ) X—2 X—>2+ " l 2
| [
lim f{x)= h)fl2)=
(9) lim f(x) (hf (2) |
Example 5b:

Sketch the graph of (x) = —% using your knowledge of transformations, then arsive following
X

guestions.
(@ lim f(x) (b) im (X
Xo—2" x— -2
(©) im (3 (o) (-2)

(e) Is f (x) continuous at=2? Why or why
not?
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Just as we can define discontinuities in term$eflimit, we can rigidly define now, in terms okthmit,
what it means for a function to be continuous pbiat.

Definition of continuity at a point (3-step definition)

A function f (x) is said to be continuous at=c if and only if.
lim f(x)=f (c):lirQ f (x)

X-C X-C

Example 6:
Using the 3-step definition of continuity at a pipidetermine whether the function= f (x) whose graph

is given below, is continuous or not:at 0. Show your analysis with correct notation ancegav
concluding statement with justification.
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Example 7:
Given the following graph ofy = f (x) , determine if the function is continuous or notheg indicateck-

values. Be sure to include your 3-step analysit avconcluding statement and a justification.

A —
! (6.5)
- t[ L4 ) }- ‘

(@) atx=-4 @)x=1 (¢)a=6
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Example 8:
Determine if each of the following functions arentinuous as the indicated value. Justify by skatgthe
graph .

6
242x-3, xs 1 PO
(a) f(x)={x X *= Latx=1 (b (x) = )1( atx=-2
2vx=1, x> §x2—3,x2—2

When we find function values and limit values at¢afic, relatively small x-values, we are said to be
describing theocal behavior of the graph of the function. It is also helpfoldiscuss thend behavior of
a graphfor LARGE values of x).

We analyze the two ends of the graphfc(fx) by analyzing two one-sided limits:
lim f(x) and lim f(x)

X — 0 X — —00

Example 9:
Using the graph from Example 5, fdr(x) =- fz , analyze the end behavior by evaluating the
X
following:
(@) lim f(x) (B)m f(x)
X - 0 X - —00

(c) What graphical feature on the graphfo(fx) causes the graph to do this?

Definition

lim f(xX)=L AND/OR lim f(xX) =L, wherey=L is a finitey-value, if and only if there is laorizontal

X — —00 X—

asymptote (HA) at y=1L

Page 6 of 8




Precal Matters Notes:212mits & Continuity

There are two important things to clarify here atioarizontal asymptotes:
1) A graph may cross its horizontal asymptote any remolbtimes.
2) A horizontal asymptote is NOT a discontinuity (altigh it IS an asymptote!)

Example 10:
For each function f (x) determine (i)lim f(x) (i) lim f(xX)  (iii) any equations of HA's
X - —00 X - 0
(@) f(x)=-3x"+5x-1 (b) (x) = 4x° -2 (© (x)=2vx-5
@ (x)= 3x+1 €f (¥)= 3x— 2+ 4x° (f)f(x)=4x5+3x2—2
5x% -2 3x% - 7x+11 7-6x*

Example 11: Putting it all together
Draw the graph of a functiorh (x) on the interval- X x <o with the following characteristics.

lim f(x)=-2=1f(-3), Iim+f(x)=oo, f(O):O:)I(iirg)f(x),

X—=3~ X——3

im £ (x)=4, lim f(x)=1, f(3)=-1, lm f(9 =2

X-3 X-3
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Example 12: Summary

1. If lim f(x)=f(c)=lim f(x),thenwhatcan be said abotifx) at x=c?

X-C X*?C+

2. If lim f(x)=1lim f(x),thenlim f(x)=

X—C x-ct X-C

3. If lim f(x)# lim f(x),then f(x) has what type of discontinuity at=c?

X-C XﬁC+

4. If lim f(x)=1lim f(x)# f(c), then f (x) has what type of discontinuity at=c?

X-C X—>C+

5. If lim f(x)=c or lim f(x)=-w or lim f(x)=w or lim f(x)=-e, then what graphical

X-C X-C XﬁC+ X*?C+

feature does the graph 6f(x) have atx=c?

6. If lim f(x)=L or lim f(x)=L, then what graphical feature does the grapli (f) have as a

X — 00 X — —00

result?
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