Calculus Maximus Notes 6.5: L'Hopilindet. forms

86.5—L’'Hopital’s Rule & Indeterminate forms

We're back to evaluating limits again. Recall thve indeterminate forms 0 and>. When direct
(0]

substitution yielded either one of these resulshad to roll up our sleeves and try various algiebr
methods to compute the limit, because, even thduglfunction value failed to exist there, the listitl
could, and it could be ANYTHING from 5 tesr to 1000000 to “peaches,” . . . . well, maybe redghes.

In this section, we will be evaluating limits wisimilarly interesting, perhaps surprising, resulfge will
also be encountering several more indeterminatad@nd ways to remedy them.

Example 1:

Make a guess as to what you think the limit wil] tieen check by evaluating the expression at the
indicated values using your calculator.

3X _
a) lim [e 1J=?
X-0 X

eSX _1 B e3X _1 B e3X _1 B
X X X
x=0.1 x=0.01 x=0.001
b) lim (i__lj:?
x-1'\Inx x-1
(i_lj _ (i_lJ _ (i_lJ _
X X=1Jl4 X" X=1Jl01 X X=1),4 001
X
c) lim (1+2) =?
X— X
X X X
3] S, S
X X X
x=100 x=1000 x=10000
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Let’s review some earlier algebraic techniquesdiealing with indeterminate forms.

Example 2:
2 _ 2 _ / _
a) lim 2X 2: bjim 3X 1: g X+2 3:
x--1 X+1 X—00 2%2 +1 x-7 X—=7

Not all indeterminate forms can be reconciled \Vggehraic
techniques. Another method, discovered by Swiss
mathematician Johann Bernoulli, is callédi6pital’'s Rule
named after the 7century French mathematician Guillaume (¢
L'Hépital who did not discover it, but who firstIplished it in
the first-ever textbook on differential calculustom the looks
on their faces, can you guess which one is L’'H®ita which
one is Bernoulli?

L'Hopital’s Rule (or Bernoulli’'s Rule)

f (%)

yields either of the indeterminate forngsor + 2 , then lim

If lim =1lim :

x-a g(x) 0 o0 x-ag(x) x-ag'(X)
Example 3:
Evaluate the following.

3X _ —

a) im &1 pyim XXX =1 o)lim —S€*_ - dylim X —

x-0 X x-0 X . T+ tanx x— o0 24/

2
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Sometimes we may need to repeat ourselves. Sopwt® may need to repeat ourselves.

Example 4:
2
+ —_— —
a) lim X = b lim Y1 X~ 17x/2_
X — —00 e_x X-0 X2

Be careful when evaluating one-sided limits:

Example 5:
. sinx . sinx
a) lim —== b)lim === =
x-0" X2 X-0" X2

The rule works great, but it only works with tha)t‘imrms% or +2 . There are other indeterminate forms
00

including 0°,1°, w—o0, O, and . We can still use the rule, but we have to fimst\wert them tog

[00]
or +—.
[00]
Example 6:
a) lim e *Jx = b)lim (i—ij =
X - 00 x-I'\Inx x-1
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Sometimes we need logs to come to our rescue.

Example 7:

a) fim (1+§jx = B X" = gjm X% =

X-0 X — 00

Here's a fun one.
Example 8:

X

Icostdt

imil_— =
x-1 x2 -1
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Example 9:
Here’s one even MORE fun! (similar to 2016-BC4)

Consider the differential equati% = y2 —%x.

d2y
(@) Find—2 in terms ofX and y.

dx

(b) Lety=f (x) be the particular solution to the given differahgquation whose graph passes throug
the point(2,—l). Does the graph of have a relative minimum, a relative maximum, dther at the

point (2,—1)? Justify you answer.

(c) Lety= g(x) be the particular solution to the given differahgquation Withg(—Z) =3. Find

X—>_2 3

{ g(x)-3 |
lim | —————|. Show the work that leads to your answer.
2(x+3)°-2

(d) Let y =h(x) be the particular solution to the given differahgquation withh(O) =1
(BC) Use Euler’'s method startingxat 0 with two step of equal size, to approximdr[@).
(AB) Use the linearization dﬁ(x) atx=0to approximateh(l).
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