Calculus Maximus Notes5.5: Partial Fractions & LogisBrowth

85.5—Partial Fractions & Logistic Growth

Many things that grow exponentially cannot contitmelo so indefinitely. This is a good thing. lpvae
if human population growth went unchecked: we’dénpeople covering every square inch of the Earth,
then the Galaxy, then the Universe. Imagine tryofind a parking place then!

After a while, things that start off growing expoially begin to compete for resources like fooctev,
money, and parking spaces. The growth begingter @ff as it approaches somerying capacity of the
system.

In this case, the growth rate is not only proportimal to the current value, but also how far the
current value is from the carrying capacity.

Imagine a rumor spreading throughout a school 60ZQudents. The rate at which the rumor spresads i
directly proportional to BOTH the students who haeard the rumor AND the students who have yet to
hear the rumor as the number of people hearinguther approaches 2000.

The curve for the spread of the rumor might loék omething shown below. This type of curve and
growth is called_ogistic Growth.

y=2000studentsf- — — — — — — — — — — — — = = —

Students who have NOT|heard.
Students who have heard.

time

For quantitiesy, that grow logistically with a carrying capacdl y = L, we can state the relation
mathematically the following way:

Solving this differential equation requires an nategration technique callddtegration by Partial
Fraction Decomposition

Example 1:

Add then simplify by finding a common denominat%r:S—l—i3
X=1 x-
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Example 2:

Evaluate | 22)(_47133dx
X% = Tx+

On the AP Exam, you'll be expected to decomposenal expressions
involving non-repeating, linear factors in the demaator. For cases as this
one, there is a very slick method you can useviiaatdeveloped by Oliver
“No So Much On The” Heaviside, called the “Heavesidover-Up”
Method.

Here's an example we’ll do under the watchful ey®la Heaviside.

Example 3:

+
Evaluate X45dx

X2 +x-2
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In order for partial fraction decomposition to wptke degree of the denominator must be greatarttia
of the numerator. When it's not we’ll use our driend true method of long dividing first.

Example 4:

3x

4+1
21

ax

Evaluate J'
X

Back to Logistic Growth.

Example 5:

Solve the differential equatio%i—l =ky(L-vY)
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Memorize the solution:

Logistic Growth

**% %% Notice the prominence of our carrying capacity value L in each form of the equation. Thisisvery
important, especially when asked for the limit at infinity OR when asked to find the y-value when the y-

. . . : : . L
values are increasing most rapidly (i.e. the inflection value: y = P ).

Example 6:

(Calculator) The population of Alaska since fron0@3o 2000 can be modeled by the following logistic
equation.

895598
P(t) =
=1 71.5%°%%1

whereP is the population and years after 1900, with=0corresponding to 1900.

a) What is the predicted population of Alaska in 20207?

b) How fast was the population of Alaska changing92d? In 1940? In 1999?

c) When was Alaska growing the fastest, and what Wwagbpulation then?

d) What information does the equation tell us aboatgbpulation of Alaska in the long run?
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The AP exam loves to ask questions that requiretg@acognize the parameters of logistic growth for
either the equation or the differential equationtten in a DIFFERERNT FORMAT. This requires you to
manipulate the equation to fit one of the two staddorms below:

dy _ B _ L
a - WY - YE o

Example 7:
The growth rate of a populatidhof bears in a newly established wildlife preses/modeled by the

differential equationcil—lj = 0.0083( 100- P) , Wheret measured in years.

a) What is the carrying capacity for bears in thisdhfié preserve?
b) What is the bear population when the populatiagrasving the fastest?
c) What is the rate of change of population when grswving the fastest?

Example 8:

Suppose that a population develops according ttotistic differential equationcg =0.2P - 0.00P?,

wheret is measured in weeks> 0.
a) If P(0)=5, what islim P(t) ?

b) If P(0)= 60, what islim P(t) ?
c) If P(0)=120, what is!im P(t) ?

d) Sketch the solution curves for a), b), and c). &hine has an inflection point?
e) Which solutions are strictly increasing? decre&ding
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Example 8:
The rate at which the flu spreads through a comtyusmimodeled by the logistic differential equation

% = 0.00P( 3006- P), wheret is measured in day$> 0.

a) If P(0)=50, solve forP as a function of.

b) Use your solution to a) to find the size of the plagion whent = 2days.
c) Use your solution to a) to find the number of dthat have occurred when the flu is spreading the

fastest.
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