Calculus Maximus Notes 5.1p&8rble Diff EQ

85.1—Separable Differential Equations

A differential equation is an equation that has one or more derivativés ifihe order of a differential
equation is the highest derivative present in theaé&on.

We know that antidifferentiation, indefinite integion, and solving differential equations all impie
same process. The differential equations we’va sedar have been explicit functions of a single

variable, Iike% =3x3 + 4x (™ order) or f'(x) =sinx (1 order) or everh’(t) =5t _tiz (second order).
X

Solving these equations meant getting back to eiyte or f (x) = or h(t) =. The general solution
meant+C. The particular solution required an initial cdiah and meant we had to find.

A separable differential equationis one in which alk and dx’s can be separated from all thend dy’s.

A first-order separable differential can be written in the for% =f (x)g(y), that is, as RODUCT

of x-factors and/-factors.

As you will see in the next section, this separatgonot always easy or possible; however, ingkigion
we will focus on developing analytic methods folvatg 1% order, separable differential equations.

For these types of problems, it is very, very, vengortant to SHOW THE SEPARATION OF THE
VARIABLES.

Example 1:

The graph of several solutions to the differerg@liation
2

b :X—2 Is shown. Solve the equation, then find the

dx y

particular solution that satisfy the initial condits

(@y(0)=2, (b)y(0)=-2,and (cy(0)=0.
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Example 2:

Find the general and particular solutions to thgassble differential equatio%z = x2y given the initial
X

conditions (a)f (0) =1 and (b)f (0) =-2.

Example 3:
AP 1998-4

Letf be a function withf (1) = 4such that for all pointﬁx, y)on the graph of , the slope is given by
dy _3x%+1

ax 2y

(a) Find the slope of the graph &f at the point where=1.

(b) Write an equation of the line tangent to the graphat x =1and use it to approximafgl.2).

3% +1
2y

with the initial

(c) Find f (x) by solving the separable differential equati%%z
X

conditionf (1) = 4.

(d) Use your solution from part (c) to find the exaatue of f (1.2).

(e) What would the solution equation be if theialitondition weref (1) =-4?
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Example 4:
For each of the following, find the general soluatip = f (x) by algebraically manipulating the differential

equation first to the separable fo% =f (x) g(y)

d _ d
(@) L=V (b)Y —x = xy?
dx dx

Example 5:

dy

For the differential equatiory& -x=0

(a) Find the general solution equation.

(b) Find the particular solution that pass throy@h-4) .
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Law of Exponential Change

For exponential growth functions, the more you hale more you get. For exponential decay funstion
the less you have, the less you lose. Quanthigtsgrow/decrease by a factor or a percentageyataie
intervals, are exponential. This can be statedvatpntly as:

The rate of change of a quantity is directly propotional to that quantity itself.

Mathematically, we state this z%% =Kky, wherek is either a growthk >0) or decay k <0) constant.

Example 6:

Solve the separable differential equati%%]: ky

MEMORIZE. MEMORIZE. MEMORIZE.

If d—}[/ =ky, theny = ce?, whereC is the initial amount presen-{ntercept of the graph).

Example 7:
The population of bacteria in a culture increagsedf400 to 1600 in three hours. Assuming that the

. . . dP : L
Bacteria populatiorR, grows according to the rate equatreétn =kP, wheret is the time in hours.

(a) Find the value ok

(b) How fast is the population of bacteria increasirtgewthe population is 3000?
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Example 8:
An amountA, increases at a rate proportional to its curremint, such tha{a =KA, wheret is

measured in hours. If the amount triples everpddrs, find the value & (both exact and 3-decimal
approximation).

Example 9:
The weight of a population of bacteria is givenaugifferentiable functiom, WhereB(t) is measured in

tons and is measured in hours. The weight of the bactjaulation increases according to the equation

% =kB, wherek is a constant. At timé=0, the weight of the bacteria population is 3 tond &

increasing at a rate egr tons per hour. What is an expression B(r()?

Example 10:
Radium-226 ¢25Ra ) loses its mass at a rate that is directly propoal to its mass. If its half-life is 1590
years, and if we start with a sample of radium-2&6& a mass of 100 mg,

(a) Find the formula for the mas#/ (t) that remains afteryears.

(b) How many mg of the original sample remains afted §8ars?

(c) How many years (exact answer) will it take tloe sample to have only 3 mg remaining?
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Example 11:
Suppose the amount of oil pumped from one of tig@a wells in Whittier, California, decreases & th

continuous rate of 10% per year. After how mangrgevill the well’s output fall to one-fifth of itgresent
level?

Example 12:
Suppose that a population of fruit flies grows mgortion to the number of fruit flies in the poptibn. If

there were 100 flies after the second day and B&®dfter the fourth day, how many flies werehe t
original population?
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Finish Strong!

Example 13:
AP 2012-5
The rate at which a baby bird gains weight is propoal to the difference between its adult weightl its

current weight. At timd =0, when the bird is first weighed, its weight is@@ms. IfB(t) is the weight

of the bird, in grams, at timedays after it is first weighed, then

dB_1,
& - £(100-B).

Let y= B(t) be the solution to the differential equation abeath initial condition B(O) =20.

(a) Is the bird gaining weight faster when it weighsgt@ms or when it weighs 70 grams? Explain your
reasoning.

2 2

(b) Find d—ZB in terms ofB. Used—lz3 to explain whey the graph 8fcannot resemble the following
dt at
graph.

[

1001
&
)
=

20

- .

Time (days)
(c) Use separation of variables to firyd= B(t), the particular solution to the differential eqoatwith
initial condition B(0) = 20.
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