Calculus Maximus Notes 4udsub & pattern recog

84.4—Integration by u-sub & pattern recognition

Example 1:

2
Evaluatei{tan(e“x H =
dx

Example 2:

2 2
Evaluate j sx@™ el (e”‘x jdx =

We can think of composite functions as being alsifignction that, like a big box can, contains othe
functions inside of it (smaller boxes inside thg box). When differentiating such functions, we ar
“unpacking” these boxes, creating multiple factorsur derivative. When going in reverse, sincaehs
no product or quotient rule for integration, we tmgxognize the factors in our integrand as confrioig
“unpacking” the original outer function/big box.
When integrating by pattern recognition, our joboigerform the chain rule in reverse, “packingthap
all the smaller factors (boxes) back into the ®rgh factor (box). This also makes it easier tven. . .
onto the next problem.
In general, if

d I I

L T(9()]=(9(x))w (¥
If we solve this differential equation, take théegral of both sides, we get

f(g()+C=] 1*(a(x)e'(x)ox

We state this formally as a theorem for integratrgmposite function.
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Antidifferentiation of a compaosite function

Let g be a function whose range is an interVadnd letf be a function that is continuous bnif g is
differentiable on its domain areis an antiderivative dfonl, then

J £(9(x)) ' (x)ax=F (g(x)) +C

In the integrand above, the “inside” functiog,(x) , the function whose derivative is the other fa&pis

sometimes called, where the “outside” function containimigand the function determining the rule of
integration, can be called (u) In this case we will use differential form acall u' du.

If we rewrite the original integral in terms vfanddu, we call itu-substitution.
Rewriting the above rule, we get
Let u=g(x) anddu=g'(x)dx

J' f(u)du=F(u)+C

This formal rewriting of our original integral ietms of a new, temporary, “dummy” variabiean be
helpful, but is not always necessary, nor desitalflgou are able to identify both the “inner” atalter”
functions, with a little practice, you will be alile integrate quickly in your head, as the ruléntégration
will only involve the “outer” function, with a podde “correction” of a scalar multiple (only).

We will work both ways. You decide which way is&s.

Let’s try some:

Example 3:

12
Evaluatej'(x2 +1) (2x) dx usingu-substitution as well as by pattern recognition.
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Example 4:
Evaluatej'Bx3 sin( x4+ ])dx usingu-substitution as well as by pattern recognition.

When integrating by pattern recognition, you wdllect no more than three different types of
scalar/constant multiples out in front of your detivative:

e constant multiples that were there in the originedgrand (I call these “riders”),

» constant multiples generated from an integratide like the power rule (I call these “rule” constisin
and finally,

» constant multiples that “correct” any unwanted ¢ansmultiple generated by the derivative of the
“inside function.” These values will always be tleeiprocal of the unwanted value (I call these
“corrections.”)

After integrating, you can combine all of theselacenultiples to get your final answer. Oh, anahdlo

forget your+C

Example 5:
+1)\3/ X2 + 2xd

n

Evaluate I (X X
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Calculus Maximus
Example 6:
Each of the following have the same inside fungtlmut a different outside function, and hence,feedint

rule of integration. Evaluate each.
(c)J'Zsin( ) co$( ®)dx

(a) ISSin( ) ™4 X)gix (b)j?sin( )3 cod( )dx

2sin dx (f)J'llsin( X) co$ )dx

(d) j(sin 2x) sin( cos &) dx (ej 3W
cos x— sirf x

Example 7:
Evaluate J' se x tarxdx two different ways. Show the antiderivatives egeivalent, but for a constant.
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Example 8:
Evaluate

(a) [ 425 seé( 53”) dx (f2? sinf 5<3)e°°5( 5)

We already know the following trig antiderivatives:

Example 9:
Evaluate the following:

(@) J' sinxdx (b)J' coxdx (c) J'sec2 xdx  (d) J' csc xdx (e) I sex[tardx (f) J'cschcokdx

We can expand our antidifferentiation repertoirarmsmorizing the integrals of the other four trig
functions . . . but what ARE they?

Example 10:
Find each of the following by being clever, thenmaeize the results.
(a) [ tarxdx (b cotix (c] sewx (df cseix
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You can now handle integrals like the following . .

Example 11:
Evaluate the following:

(a) J'5x2 tan( X3 + ])dx (b)J' 2e7% sec(e_x)dx

Let's try some random integrals now to integrateat integration methods.

Example 12:
Evaluate the following:

X 5 dIn? x csq{ Inx) arctanx
a) | —d b)| —d c)|—d e)|———=d d d
(@) [ (b)[ ——dx @7 & @ @ T 7 &

There are some options when you are evaluatindiritéantegral . . .

Example 13:

1
3
Evaluate the following two ways, using pattern ggaton andu-substitution: J-x(x2 +1) dx
0
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Example 14:
Review the following antiderivatives:

ax dx  _
@I J— ¢ 1432 @m i

If these antiderivatives themselves have insidetfans, it is much easier to memorize the followiagns
than to arduously algebraically manipulate it toddike the forms above.

Inverse Trig Integral forms: (MEMORIZE)

For some constaitand some function of u . . .

du _ .u du 1 u du 1 ul
J'ﬁ—arcsma+c Ia2+u2 —garctana+C jﬁ——arcse(%+c

Example 15:
Evaluate each of the following. Compare and Caiitra
dx X dx
@ [—— (bf ———dx (c (d)
I,/4_X2 j1/4_xz j2+9x2 j2+9x
The arcsecant integration pattern can be a bithgimtenance.
Example 16:
Evaluate the following:
9 dx dx

(@) [—a—dx == G

5xyx°—16 XV4x- -9 e* -1
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Sometimes, we need to algebraically alter the natedjto resemble something we recognize how to do.
And sometimes, like parents of fighting sibling® meed to send each kid to his own room . . .

Example 17:
X+2
Evaluate the following: | ——dx
I \V4- X2

Example 18:
Two of the Three integrals you can do. Evaluagetito you can do, and understand why you cannot do

the third one.

@ | S ([ﬁ)idx (=2
V5-x* V5-x*

5-x*

It's time to develop some more strategies of whatd when the integrand is unrecognizable . . .

Example 19:
Find each of the following, if possible.
3 3 3
(8) [5———dx () ————dx (ef 5——dx
X° +6x+10 X° +6Xx+8
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Recall that we can use the integral to help usthedarea of the region. In such cases, it is napbto
recognize the region, or to recognize where th®reig positive and negative, because WE are ingeha

of making negative regions positive!!!

Example 20:

Find the area of the region bounded by the graph (of) :;2, thex-axis, and the linex :g and
3X—X

X :% . Verify on your calculator.

Time for yet another algebraic strategy . . .

Example 21:
Find

2

X+ x+1 X2 —3x%+4x-9
@ [~ )] dx

> dx
+1 X% +3
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Here are some Triggy ones . . .
Example 22:

Find
@) j sinx coxdx (b)jsin2 X cosxdx (C)J'sin2 xdx (dﬁsin3 xdx

Here’s a simple one, serving as a confidence boastta seque . . .

Example 23:

Find J-\/Zx—ldx

Sometimes we MUST usesubstitution.

Example 24:
Find the following.
2
X
a) | x~/2x—1dx b) ———dx
@[ ) o
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Example 24 (continued):

2X dx dx
@ [ Vi o=
Example 25:

Useu-substitution to answer the following:

iz

= tan(ﬁJ +C, find j _ dx exactly whereC is a constant.
SX 2 X
3+ 3co{ j

(b) Ifj dx =—, find j—dx exactly.

e+1 e +1

n

(c) Ifjln(a+ bcos))x = 27 In(2) for some positiva andb, find the exact value of
0

In(a+bcos(5¢<)px.

o—auly
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We will finish up with a discussion of how symmetagn help us evaluate an integral.

Integration of Even and Odd functions

Letf be an integrable function on a closed intefved, a].

a a
1. If fis an EVEN function, ther| f (x)dx=2[ f (x)dx
0

—a

a
2. If fis an ODD function, ther{ f (x)dx=0

—a

JFCxadx=Y.7/916667 JFOxIdx=n
An Even function on a An Odd function on a
symmetrical interval symmetrical interval
Example 26:
Evaluate each of the following.
3 m 1
a) j sinx+x3 +—>— |dx b)J' (1+x2+cosx)dx C)J-(5X5+X4+11X3+X2—l5(+ jdx
-3 X2 +1 -T -1
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