Calculus Maximus Notes.Def Int & Num Int

84.2—Definite Integrals & Numeric Integration

Calculus answers two very important questions. fireg how to find the instantaneous rate of clenvge
answered with our study of the derivative. Weraye ready to answer the second question: how tb fin
the area of irregular regions.

We start by introducing sigma notation.

The sumSofntermsa, ay, az . a, is written as

n
S=) a =a+ay+ag+-+a,
i=1

wherei is called thandex of summation g; is theith term of the sum, and thewer and upper bounds
of the summation are 1 and

Example 1:
3 5 n+l
Evaluate a)Zi2 b) >’

i=1 n=0

n

We will now approximate an irregular area boundsda function, the-axis between the vertical lines
x=a and x=b, like the one below, by finding the areas of meagtangles and summing them up.

}' A

0
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Example 2:
Use 4 subintervals of equal width to approximateatea under the paraboia( x) =x? from x=0 to

X =1, notated as regio§ using the indicated method. Compare to the et@a using your calculator’s
numeric integration capabilities.

Va

£,

2

(a) Rectangles using the left-endpoibj,

(b) Rectangles using the right endpoiRj,

(c) Rectangles using the midpoi,,

(d) TrapezoidsT,

(e) Your calculator's numeric integration capapilit
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In this case, finding the area approximation usirggleft-endpoints of the intervalk,, gave us an under-
approximation for the actual area. Using the rgidipoints,R,, gives us an over-approximation.

Together, these give us an upper and lower bountthéoactual area (Note: depending on whether the
function is increasing or decreasing, or R, could either be an upper or lower bound.)

If we desire better approximations of the areacau@d partition our area into smaller subinteruasg
more rectangles. The following chart shows thesgd the same regid) usingn rectangles of equal
width using both the left-endpoint and right-endponethods.

¥ 7 ¥ n Ya

n=10 R,=07385

n=30 Ry =03502 Y

n=50 Ry =03434

n Ln Ry
10 0.2850000 0.3850000
20 0.3087500 0.3587500
30 0.3168519 0.3501852
50 0.3234000 0.3434000
100 0.3282500 0.3383500
1000 0.3328335 0.3338335

One can see the limiting process in action fromctiegt above. Am approaches infinity, the area
approximations approach the actual area, each ogingeon the true value of the area.

The process of finding the sum of the areas ofregles to
approximate area of a region is calR&mann Sums after
Bernhard Riemann, who pioneered the process.

Bitte schon!

Riemann proved that the finite process of addingegpangular
areas could be found by a routine analytic prokessv as
definite integration. Here’s the essence of his great, time-

saving work. Forf (x)=0, on the interva[a,b]

Area = lim Zn: f(a+i mx)sz.? f (x)dx

NnN—-oo._
=1 a

Page 3 of 11



Calculus Maximus Notes®.Def Int & Num Int
Example 3:
9
Approximate the definite integraj'lx/; dx using 3 subintervals of equal width using eactheffollowing
1

methods. Determine if each approximation is agr @v an under approximation:

(a) Left Riemann Sums

(b) Right Riemann Sums

(c) Trapezoids

Sometimes we can use known geometric formulasneeagp with ACTUAL values of integrals rather
than simply approximations.

Example 4:
4

Evaluate j (2x) dx by expressing the definite integral geometrically.
0
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All of the functions/graphs we’ve dealt with heefar have been nonnegative on the intervals we wer
interested in. This is not always the case.

Area Under the Curve:

If y="f (x) is nonnegativeand integrable over a closed inter{/ajb] , then thearea under the curve
y = f(x) from ato bis the definite integral dffromatob.

b
Azj f (x)dx
a
If y="f (x) is negativeand integrable over a closed inter{/ajb] , then thearea under the curve
y = f(x) from ato bis theOPPOSITE of the definite integral dffroma to b.

A:—Jtzf(x)dx

b
In General,j f (x) dx doesNOT give us the area but rather tNET accumulation over the interval from

a
b

x=ato x=b. If y=f(x) is both positive and negative on closed intefegb] , thenj f (x)dx will
a

NOT give us the area. In this case, the defimtegral is a vector—direction matters as much as

magnitude.

* When integrating fronheft to right (chronological order), regions above thaxis are positive and

regions below th&-axis are negative.
25|

20

. \ 15—_J‘2f(x)dx<0 JE:f(x)dx>O

10

5 -4 L % -1 1 2 3 4 =
==
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* When integrating fromight to left, regions above theaxis are negative and regions below:trexis
are positive.

25|

5 -2 3

If(x)dx<0 20 jf(x)dx>0 jf(x)dx<0
3 5

15+

BN

<
This second result can be summarized, in gendialyay:
b a
jf (x)dx:—j f (x)dx
a b

b
When using the definite integral to help you fimda you cannot always simply evaluété(x) dx if you

a
are integrating over a interval containing negayixlues. It is important to remember the following

AREA IS ALWAYS POSITIVE! AREA IS ALWAYS POSITIVE! AREA IS ALWAYS POSITIVE!

If we are integrating by hand, we must decide d anere the graph crosses #axis, then split up our
interval, manually making negative regions positivde following property will help accomplish this

f (x)dx+'? f () dx

'Tf(x)dx:]:-

a

Example 5: USING INTEGRALS TO FIND AREAS

3, Xx<-1 . : . ,
If f (x) = {Z—X N write and evaluate an integral expression thegsgthe area of the region

bounded by the graph df(x) and thex-axis on the intervat3< x< 3.
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There is another way to find the area of a regiwayided you are permitted to use your calculatar .

Theorem: Area of a region on a calculator

If f(x) is a function defined on an interia, b|, the area of the regio, bounded byf (x) and thex-

axis is given by
b
A=Hf (x)] dx

a

Example 6:
Use your calculator to find the area of the redgonnded by the graph df(x) =" -3, thex-axis, and the
vertical linesx=0 and x=3. Sketch and identify the region first.

So, we can use definite integrals to help us freés, but we can also use areas to help us finciiteef
integrals. REMEMBER, DEFINITE INTEGRALS DON'T ALWXS GIVE AREA, BUT RATHER NET
ACCUMULATION. Just as before, we are responstbleassigning the regions the correct sign (positiv
or negative), depending on whether weiategrating from left to right or right to left and whether the
y-values are positive or negative

Example 7: USING AREAS TO FIND INTEGRALS
The graph ofy = f (x) is shown below. IfA and A, are positive numbers that represent the aredseof t

shaded regions, then find, in terms/Afand A, , the following:

¥

f
A,

(@) ]1f (x)dx (tjfl)f (x) dx (Eéf (x) dx

(d) j4' f (x)dx (;)f (x)dx—ZJA'l f () dx
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Example 8:

3,3)

——tt—1—>X
ol 1 \

7,-1) (5,-1)
The graph above is of a functign= f (x) . It is composed of three line segments and aciesiai.

(a) Find the equation of the line segment on tierval 3< x< 5, and use it to find the-intercept of the
line segment.

0 2
(b) Evaluatej f (x)dx (c) Evaluatej f (x) dx
-7 5

All the functions/graphs we have seen so far haenlzontinuous functions, and each has had a @efini
integral value. We say these functionsiategrable.

Theorem: Continuity Implies Integrability

All continuous functions are integrable. Thatfig functionf is continuous on a the closed inter{/ajb] :
thenf is integrable orfa,b] .

C -1
_||—>_|C

Notice this theorem does NOT say that non-contisufanctions aren’t integrable.
Example 9:

3
Evaluatej %dx by graphing the functiorf (x) =% and using areas.
-2
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Functions are not always given to us in equatiographical form. We can find areas when our fuorcts
given to us in either data form as well

Example 10:
X 0 0.5 1 1.5 2 2.5 3
f (X) 2 4 6 7 4 1 5

f (x) is a continuous function such thé(x) =0 for all x. Selected values are given in the table above.

3
(@) Approximatej f (x)dx using numeric methods as indicated by the data.
0
(b) Could any of these integral approximations espnt approximations of the area of a region?
(c) Approximatef ' (1).

Example 11:
X 0 1 3 6 6.6 8 10
f (x) 4 3 3 1 5 8 10

If f (x) is a continuous function for at|] given selected values bébove,

8
(@) Approximatej f (x) dx using numeric methods (reread the definite infggra
1
(b) Could any of these approximations represenagipgoximate areas of a region?
(c) Approximatef'(7).
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Here is a summary of some important integral prioger

Properties of integrals:

1. If fis defined atx=a, thenj dx 0
a

b
If fis integrable ofa,b], then [  (x)dx=~[ f (x)dx

N

w

[edx=c(b-a)

»

j[f (x)+ g(x)]dx:j f (x)dxijg(x)dx

cf (x)dx:cj f (x)dx

o

|
|

f(x)dx:JC-f(x)dx+.[ f (x)dx

Example 12:

I j x)dx=17 and j x)dx =12, find j (3f (x)+2)ax

Example 13:

1t _J?f(x)dx= sz( x)dx =9, andj x)dx =5, find j( (X)—Sde

3 6
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Example 14:

T
If Isinxdx = 2, use this fact and the symmetry of the grapt ()f() =sinx to find the following:
0

JFCxdn=2
2T 2T 7Tl 2 Vg Vg
(a) j sinxdx (b) j sinxdx (©) j sinxdx (d) j (2+ sinx) dx (e) j 2sinxdx
Vg 0 Vg 0 0
+2 2r X 7 T 2T
(f) j sin(x - 2)dx (9) j sin(Ejdx (h) j sinkdx (i) jcosxdx () j cosxdx
2 0 -1 0 0
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