Calculus Maximus Noted:1Algebraic Limits

81.4—Algebraic Limits

Finding limits without a graph or a calculator ibave the fun is to be had. Often, this requireseso
traditional algebraic manipulations. We will loaka few of these methods in this section; somebsia
quick review, some will be new. The names of tlethads are not important, but recognizing the
situations in which each method ari¢&smportant.

Example 1: Direct Substitution

Always try T If you get% or 2, the goal is to manipulate the expression algebligito eradicate the
(o0]

“bad guys” from the numerator or denominator theaise theg or 2. Atter the “bad guys” are gone,
(00]

direct substitution will work.

(a) lim cscx= (b) lim J-x =

Xt Xo-4"
3

Example 2: Knowing a VA exists

Remember any time direct substitution yie@ag, there is a VA at thatvalue

3
+
(@) lim 1= (b) lim —=— =
x.1t X=1 xmt SINX

Example 3: Limits at Infinity
These are easy to spot.

5x% —2x+3 .
- - = Ibi In =
- —4x%+1 it X

Example 4: Piecewise Functions
These, too, are easy to spot.

x*=3,x<2 .
@i f(x)=1 o imf(x)= (b) Iff(x):{imx’ii; im £ (x) =
x+1, ,
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Example 5:The Squeeze Theorem
Spotting this one is like spotting a Bwana on aa8af

If Inx+x? < J(x) <€ for allxin an interval containing =1, except possibly ax =1 itself, find
lim J(x) . Justify.

X-1

The rest of the methods below deal with the algebreethods used to eradicate t%eorf from the
[00]

expression so that direct substitution may be used.

Example 6: F.A.D.O. (Factor and Divide out)

We've already seen this method. It works wellhe{g case with rational functions.

2 3 4 _ 3 2 o,
(a)IimX 4= (mex 1: (c)imx X~ = X“—3X 4:

X-2 X—2 x-1 X—1 x--1  2x°-x-3

Example 7: RATCON (short for RATionalization CONjugation)

This works well in theg case when you have two terms either in the nummeocatdenominator, where at

least one term is a radical.

X-0 X Xﬁ3w/X+2—\/§
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Example 8:LCM/LCM

: . .0 : .
This method works well in th% case when there is a complex or compound fraction.

(a)”mo[l/(2+x)]—(1/): (libnﬁ=
X— X Xx-0 s

6 X—6

Example 9: Sledgehammer

This method works well in th(% case when there is obvious math to do, like expanali distributing

factors.
(x+h)*-x2 (x+h)2—2(x+h)+1—(x2—2x+])
@ lim>——"——= (b) lim =
h-0 h h-0 h
We will now meet a new parent functiddefor Salta
Example 10:
Sketch the graph of (x) :u :ﬁ by decomposing the function into a piecewise fumctising the
X |X
definition of || . Then evaluate the limits below.
X X X X
@) lim U: (b)im u= (cumuz (d)imu=
x-0~ X x-0t X x-0 X x-3 X
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Calculus Maximus

Example 11:
Evaluate the following:
2x-1 2x-1

(@) lim g (d)m M

x-5" X—95 x.5t X—5
Example 12:
Evaluate the following:

2 2
. X72x+ . -
x--3~ 4x+12 x-6" |2X—121

Noted:1Algebraic Limits

. [2x-1d
=5

(sinx)‘3x—21
x-7 X% -4

Very often, we must evaluate limits involving tfignctions, and very often, these limits are noydas
evaluate unless we have one of three things: ¢dJaulator, (2) a smart, helpful friend, or (3a@uple of

trig limits memorized.

Example 13:

With a calculator, evaluate the following, then noeize the results:

. Ssinx
a) lim——=
()Xao X

Now try

) X

lim —_— =
x-0SinXx

. sinb5x

lim =
x-0 BX

sin{x/2

||m M =
x>0 X/[2

X—4

lim — =
xﬁ4smix—4i
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1-cosx _
X

Now try

, X
lim =
x-01-C0osx

| 1-cosmx _

x-0 JIX

i 1-cogx /9 _
X-0 x/9
1—cos(x+7) B

X—>_7_ X+7
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We can now use these memorized limits in conjunav@h our limit properties. But WHAT if our
expressions are slightly different??

Example 14:
. Sin7x ) 3x . 4—4coslk
a) lim = thi = cjm —=
( )x—>0 6X (x{nosinnx (>)<ﬁo 44x
Example 15:
Evaluate the following.
. X+sinx . X sedd -1
a) lim b —— d
( )x_>0 X (x!.notanx (}To dsedd
. 4sin&X .. tan3X cotlix
(d) lim , m
x-0 XCOS X x5 0Sin 4X x-0CSC 2%
. cosl& .. CSCTX sin® &
lim h ] =
@ x-0 CSCXK (X—D»nosinm( (pjz) 3t?
2 X _ _
- . e“cos8x ~tan(x-4)+|2x
@) lim Sin” 2x = km ———=" = () lim ( ) q:
x~05in25x x-0 Secdx x_ 4% X2—4
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Useful Trig Limits

.sinmx mx . mx . tanmx
lim =lim — =lim =lim =1
x-0 MX x-0SiNMX x-0tanmx x-0 mMmX

. sinmx . mx ) mx . tanmx m
lim =lim — =lim =lim =—
x-0 NX x-0SIiNNX x-0tannx x-0 nX n

. sinmx .. tanmx . tamx . Simx m
lim — =lim =lim — =lim =—
x-0SiNNX x-0tannx x-0 SIMX x-0 tamx n

. cscmx .. commx .. comx .. csSoX n
lim =lim =lim =lim =—
x-0 CSCNX x-0 CONX x-0 CSOX x-0 catx m

. l-coamx ,. cosx-— 1
im——=lim —=0
x-0  mX x-0  MX

Example 16: General Cleverness
This is a great method when all else fails andlyawe to make a dugout canoe from a toothpick.

2

. 5x° 3x-15 . l1-tanx _
x-01-COSX X~5./x2 _10x+ 25 X~ 7114 SiNX — COSX
sin(x+ h) = sinx - .
@ fim (x+h) _ (@m 12co$ x+ 2cog~ -_
h-0 h X 71/3 4cosx— 2
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