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| ntr oduction

Advanced Placement! is a program of college-level courses and examinations that gives
high school students the opportunity to receive advanced placement and/or credit in college. The
Advanced Placement Calculus AB Exam tests students on introductory differential and integral
calculus, covering afull-year college mathematics course.

There are three sections on the AP Calculus AB Examination:

1. Multiple Choice: Part A (25 questions in 45 minutes) - calculators are not allowed

2. Multiple Choice: Part B (15 questions in 45 minutes) - graphing calculators are required for
some questions

3. Freeresponse (6 questions in 45 minutes) - graphing calculators are required for some
guestions

Scoring
Both sections (multiple choice and free response) are given equa weight.
Grades arereported ona 1 to 5 scale:

Examination Grade

Extremely well qualified 5
Well qudified 4
Qudified 3
Possibly qualified 2
No recommendation 1

To obtain agrade of 3 or higher, you need to answer about 50 percent of the multiple-choice
guestions correctly and do acceptable work on the free-response section. In both Parts A and B
of the multiple choice section, 1/4 of the number of questions answered incorrectly will be
subtracted from the number of questions answered correctly.

1 Advanced Placement Program® and AP® are trademarks of the College Entrance Examination Board.



Topicsto Study

Elementary Functions

Properties of Functions
A function f is defined as a set of al ordered pairs (x, y), such that for each element x, there
corresponds exactly one element y.

The domain of f isthe set x.

Therangeof f isthesety.

Combinations of Functions

If f(x) =3x+1landg(X)=x2-1

a) the sum f(x) + g(x) = (3x + 1) + (x2 - 1) = x2 + 3x

b) the difference f(X) - g(x) = (3x+ 1) - (x2- 1) =-x2 + 3x + 2
c) the product f(X)g(x) = (3x+ 1)(x2-1) =3x3+x2-3x- 1
d) the quotient f(X)/g(x) = (3x + 1)/(x2 - 1)

e) the composite (f  g)(X) = f(g(X)) =3(x2-1) + 1 =3x2- 2

I nver se Functions
Functions f and g are inverses of each other if
f(g(x)) =x  for each x in the domain of g
o(f(x)) =x  for each x in the domain of f
Theinverse of the function f is denoted f-1.
To find f-1, switch x and y in the original equation and solve the equation for y in terms of x.

Exercise: If f(X) =3x+ 2, then f1(x) =
(A) 52
(B)3-2
(C) 3x-2
(D) 1x+3
(E)

Theanswer isE. x=3y+

Even and Odd Functions

Thefunctiony = f(x) isevenif f(-xX) = f(X).

Even functions are symmetric about the y-axis (e.g. y = x2)
Thefunctiony = f(x) isodd if f(-x) = -f(X).

Odd functions are symmetric about the origin (e.g. y = x3)



Exercise:

The answer isD.

If the graph of y = 3¥ + 1 isreflected about the y-axis,
then an equation of the reflectionisy =

(A) 3*-1

(B) logs (x - 1)

(C) log (x + 1)

(D) 3x+1

(E) 1- 3¥

Thereflection of y = f(X) inthey-axisisy = f(-X)

Periodic Functions
Y ou should be familiar with the definitions and graphs of these trigonometric functions.
sing, cosine, tangent, cotangent, secant, and cosecant

Exercise:

The answer isD.

If f(X) = sin(tanl x), what isthe range of f?
(A) (-p/2,p/2)

(B)[-p/2,p/2]

(©) (0, 1]

(D) (-1, 1)

BI[-11]

Therange of sin xis (E), but the pointsat whichsinx=+1(p/2+kp),
tan'l x is undefined. Therefore, the endpoints are not included.

Note: The range is expressed using interval notation:
(a,b)U a<x<b
[a,b]U af£ x£Db

Zeros of a Function
These occur where the function f(X) crosses the x-axis. These points are also called the

roots of afunction.

Exercise:

The answer isB.

The zeros of f(x) =x3- 2x2 + xis
(A) O, -1

(B) 0, 1

(©)-1

(D) 1

(E)-1,1

f(X) =x(x2 - 2x + 1) = x(x -1)2



Properties of Graphs

Y ou should review the following topics:
a) Intercepts

b) Symmetry

c) Asymptotes

d) Relationships between the graph of

y=f(x) and y=Kkf(x)
y= f(kv)
y-k=f(x-h)
y = If()
y = f(|x))
Limits

Properties of Limits

If b and c are real numbers, nisa positive integer, and the functions f and g have limitsas x® c,
then the following properties are true.

1. Scalar multiple: Ii(gn[b(f(x))] = b[Ii(gn f(¥)]

2. Sum or difference: Ii(gn[f(x)ig(x)] = Ii(gnf(x)i Ii(gng(x)

3. Product: Iigg[f(x)g(x)] = [Iigg f(x)][liggg(x)]

4. Quotient: Iigg[f(x)/g(x)] = [Ii(grgf(x)]/[li(mg(x)], if Iiggg(x)1 0
One-Sided Limits

I(i)m+ f(¥) x approaches c from the right

I(!Drg f(¥) X approaches c from the left

Limitsat Infinity
lim f(x) =L or IQ!)m¥ f(X)=L

X® +¥
The value of f(x) approaches L as x increases/decreases without bound.
y = L isthe horizontal asymptote of the graph of f.

Some Nonexistent Limits

1 X o1
lim— lim— lim sn—
xX®0 ¥ x®0 X x® 0 X
Some Infinite Limits

. 3 limInx =-¥

lim— = x® 0+



Exercise: Whatislim 27X 2
x® 0 X
(A)1
(B)O
(C) ¥
(D) £
(E) The limit does not exist.

Theanswer isA. Y ou should memorize this limit.

Continuity

Definition

A function f is continuous &t c if:
1. f(c)isdefined

2. Ixiggf(x) exists

3. limf(x) = f(c)

Graphically, the function is continuous at ¢ if a pencil can be moved aong the graph of f(x)
through (c, f(c)) without lifting it off the graph.

Exercise: 3% + x

1100="5

If i forxt 0
fr=k,

and if f iscontinuous at x =0, thenk =

(A) -3/2

(B)-1

()0

(D)1

(E) 3/2

The answer iSE. I|®rr0| f(x) =3/2

Intermediate Value Theorem
If fiscontinuouson [a, b] and k is any number between f(a) and f(b), then there is at least one
number ¢ between a and b such that f(c) = k.



Differential Calculus

Definition
£ = lim X+ - T(X)
Dx® 0 Dx
and if thislimit exists

F(0) = lim )= Q)

X®c X-C

If fisdifferentiable at x = c, then f is continuous at x = c.

Differentiation Rules

Genera and Logarithmic Differentiation Rules

1. i[cu] =cu
dx

d product rule
3. —[w] =uv +w
dx

d
5. —[c]=0
OIX[]
d
7. —[x] =1
OIX[X]
d 1
9. —[e] =elu
dx

Derivatives of the Trigonometric Functions

1. i[sin u] = (cos u)u'
dx

3. i[cos u] =-(snuu
dx

d

dx

5. —[tan u] = (sec? u)u'

d sum rule
2. —[uxv]=UuzV

dx

d u vu'- uv' quotient rule
4 —[-]=—

dx v %
6. i[un] — iy power rule

dx
g Lpny=Y

dx u

chain rule

10-di[f QO] =1 (9(¥) g (¥
X

d

2. —[cscu] =-(csc u cot u)u'
dx

4. i[%c u] = (sec u tan u)u'
dx

6. i[cot u] = -(csc? u)u'
dx

Derivatives of the Inverse Trigonometric Functions

1. i[arc'sin u] = 4
dx 1- u?
3 i[arccos ul = — u
- dx V1- u?
5. i[arctan ul = Y 5
dx 1+u

Implicit Differentiation

2 i[arccsc u] = -—ul
dx lulVu? - 1
4, i[arcsec u] =

u
dx lulVu? - 1

6. i[arccot ul = u2
dx 1+u

Implicit differentiation is useful in casesin which you cannot easily solve for y as a function of x.




Exercise: Find & for y3+ xy - 2y - X2 = -2

& DBy -2y =g [-2]
2L + (xL +y)-22 -2x=0
H(@y2+x-2)=2x-y
o _ 2X-y

3y* +x- 2

dx

Higher Order Derivatives
These are successive derivatives of f(x). Using prime notation, the second derivative of f(X),
f"(x), isthe derivative of f'(X). The numerical notation for higher order derivativesis represented

by:
F0(x) =yt
d’y
o
Exercise: Find the third derivative of y = x°.
y' =5x4
y" = 20x3
y" = 60x2

Derivatives of I nverse Functions
If y = f(x) and x = f-1(y) are differentiable inverse functions, then their derivatives are reciprocals:

o 1
dy dy
dx

L ogarithmic Differentiation

It is often advantageous to use logarithms to differentiate certain functions.
Take In of both sides

Differentiate

Solve for y'

Substitute for y

Simplify

agrwDNPE

Exercise: 2 4 10
Find & fory = 8

Iny =1[In(x2 + 1) - In(x2 - 1)]
yy _lé 1 1 u
y 382+1 x*-1f




_ -2 a2 - 16
T OG- D EX +1o
_ -2

- (X2 +1)4/3(X2 _ 1)2/3

y

y

Mean Value Theorem
If f iscontinuouson [a, b] and differentiable on (a, b), then there exists a number cin (a, b) such
that
, f(b)- f(a
ro=-0 18
-a

L'Hopital'sRule
If lim f(X)/g(x) is an indeterminate of the form O/0 or ¥ /¥ , and if lim f'(X)/g'(X) exists, then

. fx) . (X

lim———==lim———=

g(x) 9'(x)

The indeterminate form 0> can be reduced to 0/0 or ¥ /¥ so that L'Hépital's Rule can be
applied.

Note: L'HOpital's Rule can be applied to the four different indeterminate forms of ¥ /¥ :
¥/¥,(-¥)/¥,¥/(-¥),and (-¥)/(-¥)

Exercise: What is lim 31X+ 5
x® 0 X
(A) 2
(B) 1
o
(D) ¥

(E) The limit does not exist.

The answer is B. lim SOSX —

x®0 1

1

Tangent and Normal Lines
The derivative of afunction at a point is the slope of the tangent line. The normal line istheline
that is perpendicular to the tangent line at the point of tangency.

Exercise: The dope of the normal lineto thecurvey =2x2 + 1 at (1, 3) is
(A) -1/12
(B) -1/4
(C)v12
(D) /4
(B4



Theanswer isB. y' =4x
y=4(1)=4
dlope of norma =-1/4

Extreme Value Theorem
If afunction f(x) is continuous on a closed interval, then f(x) has both a maximum and minimum
valuein theinterval.

Curve Sketching

Situation Indicates

f'(c)>0 f increasing at ¢
f'(c)<O0 f decreasing at ¢
f'(c)=0 horizontal tangent at ¢

f(©)=0,f(c)<0, f(ct)>0  reaiveminimumatc
f(©)=0, f(c)>0, f(ct)<0  reativemaximum at ¢

f'(c)=0,f"(c)>0 relative minimum at ¢
f'(c)=0,f"(c)<0 relative maximum at ¢
f'(c)=0,f"(c)=0 further investigation required
f'(c)>0 concave upward

f'(c)<0 concave downward

f'(c)=0 further investigation required

f'(c)=0, f'(c) <0, f'(c*) >0 point of inflection
f'(c)=0, f'(c)>0, f'(c*) <0 point of inflection
f(c) exists, f'(c) doesnot exist ~ possibly a vertical tangent; possibly an absolute max. or min.

Newton's Method for Approximating Zer os of a Function
f (%)
Xoy1 =X -
n+1 n f I(Xn)

To use Newton's Method, let x; be a guess for one of the roots. Reiterate the function with the
result until the required accuracy is obtained.

Optimization Problems
Calculus can be used to solve practical problems requiring maximum or minimum values.

Exercise: A rectangular box with a square base and no top has a volume of 500 cubic
inches. Find the dimensions for the box that require the least amount of
material.

Let V =volume, S= surface area, x = length of base, and h = height of box
V =x2h =500
S=x2 + 4xh = x2 + 4x(500/x2) = x2 + (2000/X)

S = 2x - (2000/%2) = 0
2x3 = 2000

10



x=10,h=5
Dimensions. 10 x 10 x 5 inches

Rates-of-Change Problems
Distance, Velocity, and Acceleration

y = (i) position of aparticle along aline at time t
v=s(t) instantaneous velocity (rate of change) at timet
a=v({)=s'(t) instantaneous acceleration at time t

Related Rates of Change

Caculus can be used to find the rate of change of two or more variable that are functions of time t
by differentiating with respect to t.

Exercise: A boy 5 feet tall walks at arate of 3 feet/sec toward a streetlamp that is
12 feet above the ground.
a) What is the rate of change of the tip of his shadow?
b) What is the rate of change of the length of his shadow?

5 =12 Xty — 12
X z x — 5
12
y X
—_z —
_1 _5
Z—?X X—7y
dx_5(dy) g_g(_x)
a =7 \w dt — 5 \dt
d _ 5
=303 e-2(x)
b) = £ ft/sec a) = & ft/sec

Note: the answers are independent of the distance from the light.

Exercise: A conical tank 20 feet in diameter and 30 feet tall (with vertex down)
leaks water at arate of 5 cubic feet per hour. At what rate is the water
level dropping when the water is 15 feet deep?

V=3prah T =spheg
F=% 5=5ph2g
r:%h @_ 45
dt  ph?
VEzph LU
d 5p

11



Integral Calculus

Indefinite Integrals

Definition: A function F(X) is the antiderivative of afunction f(x) if for al x in the domain of f,
F'() = f(¥)

0f(x) dx = F(x) + C, where C is a constant.

Basic I ntegration Formulas
Genera and L ogarithmic Integrals

1. kf(X) dx =k f(x) dx 2. O[f(X)+g(x)] dx= f(X) dx+ g(x) dx
N _ n+l
3. okax=kx+C 4. oxndx =2 +C,nt -1
n+1
5. oeXdx=ex+C a*

6. oaXdx= +C,a>0,at1
Ina

7. 0% cinp+c
X

Trigonometric Integrals

1. 0snxdx=-cosx+C 2. ocosxdx=snx+C
3. 0sec?2xdx=tanx+C 4. ocsc?xdx=-cotx+C
5. 0secxtanxdx=secx+ C 6. ocscxcotxdx=-cscx+C
7. otanxdx=-In|cosx| +C 8. ocotxdx=In|snx/+C
9. 0secxdx=In|secx+tanx|+C 10. ocscxdx=-Injcscx + cot x| + C
. dx . X . dx 1 X
11. 0———=acsn—+C 12. 05— =—actan—+C
Ja? - x? a a‘+x° a a
dx 1 X
13. 0————=-arcsec— +C
xVx?-a* a a

I ntegration by Substitution
0f(9(x))g'(x) dx = F(g(x)) + C

If u=g(x), thendu=g'(x) dxand of(u) du=F(u) +C

I ntegration by Parts
oudv=uv- ovdu

Distance, Velocity, and Acceleration (on Earth)

a(t) = s'(t) = -32 ft/sec?

v(t) =s(t) = os'(t) dt = 0-32dt =-32t + C;
at=0,vy=Vv(0)=(-32)(0) +C;=C;

S(t) = ov(t) dt = 0(-32t + vp) dt = -16t2 + vyt + C,

12



Separ able Differential Equations
It is sometimes possible to separate variables and write a differential equation in the form
f(y) dy + g(x) dx = O by integrating:

of(y) dy + 0g(x) dx=C

Exercise: Solve for g = =2
2xdx+ydy=0
X2 + VTZ =C

Applicationsto Growth and Decay
Often, the rate of change or avariabley is proportional to the variable itself.

dy _ separate the variables
dt
dy _ K dit integrate both sides
y
Inly|=kt+Cy
y = Cet Law of Exponential Growth and Decay

Exponential growth whenk >0
Exponential decay whenk <0

Definition of the Definite Integral
The definite integral is the limit of the Riemann sum of f on the interval [a, b]

lim & f(x)Dx= &) dx

Properties of Definite Integrals

EIF() + 9] dx= & F(x) dx + & g(x) ok
G KFOQ o+ ke F(x) x
& (9 dx=0

& £() cbx = - £(x) cx
G f(x) dx+ & f(x) dx = @ f(x) dx
If £(X) £ g(x) on [a, b], then & f(x) dx £ & g(x) dx

© 00k~ wNPE
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Approximationsto the Definite I ntegral
Riemann Sums

& (k=S = & f (x)Dx
Trapezoida Rulel_l
& 9K » [ £ + F0) + ) + .+ F60) + 3 O] -

The Fundamental Theorem of Calculus
If fiscontinuouson [a, b] andif F' = f, then
& f(¥) dx = F(b) - F(a)

The Second Fundamental Theorem of Calculus
If f iscontinuous on an open interval | containing a, then for every x in the interval,

& G f(t) dt=f(x)

Area Under a Curve

If  f(X)® 0on]Ja, b] A= & f(x) dx

If  f(X)£0on|[a, b] A=-3 f(x) dx

If  f(x)30on|[a,c]and A= & f(x) dx- & f(x) dx
fX)E£0on]c, b]

Exercise The area enclosed by the graphsof y=2x2andy = 4x + 6 is:
(A) 76/3
(B) 32/3
(C) 80/13
(D) 64/3
(E) 68/3
Theanswer isD. Intersection of graphs: 2x2=4x+ 6
2x2-4x+6=0
x=-1,3
A= 34X+ 6-2¢
3
= (2x2 + 6x - 2X ) ’
3 -1
=18+ 18-18-(2-6+2/3)
=64/3

Average Value of a Function on an Interval

pa O () dx

14



Volumes of Solidswith Known Cross Sections
1. For cross sections of area A(X), taken perpendicular to the x-axis:
V= QAKX dx

2. For cross sections of area A(y), taken perpendicular to the y-axis:
V=G A(®y) dy

Volumes of Solids of Revolution: Disk Method

V=3 pr2dx
Rotated about the x-axis: V=3 p[f(x)]2dx
Rotated about the y-axis: V=23 plf(y))2dy

Volumes of Solids of Revolution: Washer M ethod
V=23 p(rg2dx-r2) dx

Rotated about the x-axis: V=38 p[(f1(¥)2- (f»(x)4 dx
Rotated about the y-axis: V=& p[(f1(y)?- (f2y))4 dy
Exercise: Find the volume of the region bounded by the y-axis, y = 4, and y = x2

if it isrotated about the liney = 6.

p G[(x2-6)?- (4-6)2]dx

= % cubic units

Volumes of Solids of Revolution: Cylindrical Shell Method

V=3&2prhdr
Rotated about the x-axis: V=2p & xf(X) dx
Rotated about the y-axis: V=2p Qyf(y) dy

15



Some Useful Formulas

Sn?x + cos?x =1
1 + tan?x = sec?x
1 + cot2x = csc2x

SN 2X=2 9N X CoS X
COS 2X = COS2X - SiN2x

sin2x = ¥4(1- cos 2q)
cos?x = Y41+ cos 2q)

Volume of aright circular cylinder = p r2h
Volume of acone= +przh

Volume of asphere= % pr3

16



Calculator Tipsand Programs

Y our calculator will serve as an extremely useful tool if you take advantage of al of its
functions. We will base al of the following tips and programs on the TI-82, which most calculus
students use today.

On the AP Calculus Exam, you will need your calculator for Part B of Section | and for Section

I1. You will need to know how to do the following:

1. simple calculations

2. find the intersection of two graphs

3. graph afunction and be able to find properties listed under Elementary Functions in the Topics
to Sudy section (e.g. domain, range, asymptotes)

Here are some of the functions available that you should know how to use:
Inthe CALC menu: 1. calculate the value of afunctionat x = ¢
calculate the roots of afunction

find the minimum of a function

find the maximum of afunction

find the point of intersection of two functions
find the slope of the tangent at (X, y)

find the area under the curve from ato b

Nogakowd

Inthe MATH MATH menu: 6. find the minimum of afunction
fMin(expression, variable, lower, upper)
7. find the maximum of afunction
fMax (expression, variable, lower, upper)
8. find the numerical derivative a agiven value
nDeriv(expression, variable, value)
9. find the numerical integral of an expression
fnint(expression, variable, lower, upper)
0. calculate the root of an expression
solve(expression, variable, guess, {lower, upper})

Calculator Programs
One of the easiest programsto create is one that will solve for f(x). You can aso run the
program multiple times to find other values for the same function.

PROGRAM: SOLVE

> Input X

3x2+2® X [type your function here and place® X at the end)]
: Disp X

17



Hereis aprogram to solve for a quadratic equation:

PROGRAM: QUADRAT

JInput "A?", A

‘Input"B? ", B

Input"C?", C

(-B+O(B2 -4AC))/2A® D
(-B-O(B2 -4AC))/2A® E
B2 -4AC® F

:ClrHome

:Disp "+ EQUALS"

:Disp D

:Disp "- EQUALS"

:Disp E

:Disp "B2 - 4AC EQUALS"
‘Disp F

To Run: Enter a, b, and ¢ for ax2 + bx + c.
"+ EQUALS" and "- EQUALS" give the roots of the equation

Here is a program that will use the trapezoidal rule to approximate a definite integral:

PROGRAM: TRAP
:ClrHome

:Input "F(X) IN QUOTES:", Y,
‘Input "START(A):", A
‘Input "END(B):", B

‘Input "NO. OF DIV. (N):", N
'(B-A)/N® D

0® S

:For (X, A, B, D)

S+Yy® S

‘End

A® X:Y,® F

B® X:Y,® L
D+(-F+S-L)® A
:ClrHome

:Disp "EST AREA="

:Disp A

18



Book Review of Available Study Guides

Brook, Donald E., Donna M. Smith, and Tefera Worku. The Best Test Preparation for the
Advanced Placement Examination in Calculus AB. Piscataway: Research & Education
Association, 1995.

This book contains six full-length AP Exams and a short, comprehensive AP course
review. Thisbook isfor the student who wishes to practice taking the Calculus AB
Exam. Thetopic review isnot very clear, and there are severa errorsin the questions
and keys. However, detailed solutions are presented for all problems.

Hockett, Shirley O. Barron's How to Prepare for the Advanced Placement Examinations,
Mathematics. New Y ork: Barron's Educational Series, Inc., 1987.

This book contains areview of calculus topics, practice multiple-choice questions for each
unit, and four practice examinations and 3 actual examinations for both the Calculus AB
and BC Exams. This book is the most comprehensive study guide that | have found.
However, the current edition of this text would be much more useful.

Smith, Sanderson M. and Frank W. Griffin. Advanced Placement Examinations in Mathematics.
New York: Simon & Schuster, Inc., 1990.

This book contains a complete review of all exam topics, including multiple-choice and
free-response questions with explanations. It also includes two full-length practice tests
with explanatory answers and BASIC computer programs to reinforce cal culus concepts.
This book is aso agood way to prepare for the Calculus Exams AB and BC.

Zandy, Bernard V. Cliffs Quick Review Calculus. Lincoln: Cliffs Notes, Inc., 1993.

This book is a compact review of al topics covered in afirst-year calculus class. Example
problems are given in each unit. Thisbook contains the best topical review that | have
found. It was not prepared specifically for the AP Exam, so students will need to review
the trapezoidal rule, which was not covered in this book. Students will not need to know
the arc length formula for the Calculus AB Exam.
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